We present a natural extension to functor categories over small preadditive categories of the classical results of Gabriel and Jans classifying, respectively, hereditary torsion pairs and TTF triples in terms of Gabriel topologies and idempotent ideals.
Introduction
Torsion theories (also called torsion pairs) were introduced by Dickson [D] in the general setting of Abelian categories, taking as a model the classical theory of torsion Abelian groups. Given an Abelian category C, a torsion pair (T , F ) in C is a pair of full subcategories satisfying the following axioms:
(Tors.1) T = ⊥ F (and F = T ⊥ ); where, for any class X of objects, we put X ⊥ := {C ∈ C : C(X, C) = 0, for all X ∈ X } and ⊥ X := {C ∈ C : C(C, X) = 0, for all X ∈ X }; (Tors.2) for each object X of C, there is an exact sequence
with T X ∈ T and F X ∈ F .
Given a torsion pair t = (T , F ), the class T (resp., F ) is said to be a torsion (resp., torsionfree) class. Furthermore, t is said to be hereditary if T is closed under taking subobjects (see, Sec.2.1). (Hereditary) Torsion pairs have become a fundamental tool in the study of Grothendieck categories and their localizations; furthermore, they play an important role in Algebraic Geometry and Representation Theory.
Given a (unitary and associative) ring R, it is well-known since Gabriel's thesis [Ga] that there is a one-to-one correspondence between Gabriel topologies in R (which are suitable filters of ideals of the ring) and hereditary torsion classes in Mod-R (see also [S, Chapter VI] ). On the other hand, rings may be regarded as a special case of small preadditive categories (i.e., small categories enriched over Abelian groups, see Sec.1.1). Hence, the category of modules Mod-A over a small preadditive category A naturally arises, see Sec.1.2. There are many sources in the literature which deal with this generalization (see, for example, [M] ). Given a preadditive category A, the notion of "linear topology", introduced in [Lo] , and named (linear) Grothendieck topology in [RG] , is an extension to this wider context of the usual Gabriel topologies for rings, see Sec.2.2. Our first general result uses these Grothendieck topologies to extend Gabriel's classical bijection:
Theorem A (see Thm.2 Mod-A. This result is in the same spirit of [AB, Prop. 2.4 and 3.6] , where related characterizations of hereditary torsion classes are given in the more general setting of Grothendieck categories with a projective generator. For an implicit approach to the bijection of the theorem the reader is referred to [Lo] (see also [RG, Sec.1 
.7). Let A be a small preadditive category. Then there is an (explicit) one-to-one correspondence between (linear) Grothendieck topologies on A and hereditary torsion pairs in

.1]).
Recall now that, in good enough Abelian categories (e.g., Mod-A for a small preadditive category A) a class T is a torsion class (resp., a torsionfree class) if and only if it is closed under taking quotients, extensions and coproducts (resp., subobjects, extensions and products). Hence, if we start with a hereditary torsion class T which is also closed under taking products, than T is both a torsion and a torsionfree class, for short, a TTF class. In such case, a triple of the form ( ⊥ T , T , T ⊥ ) is said to be a TTF triple (see, Sec.2.1); these objects have been introduced in categories of modules Mod-R over a ring R by Jans [J] , who showed that TTF triples are in bijection with idempotent ideals of R. Our second general result is to extend Jans' bijection from rings to small preadditive categories.
Theorem B (see Thm.2.12) . Let A be a small preadditive category. Then there is an (explicit) one-to-one correspondence between idempotent ideals of A and TTF triples in Mod-A.
A torsion pair (T , F ) is said to be split if, for any object X, the canonical sequence ( †) splits. Similarly, a TTF triple (C, T , F ) is said to split if both torsion pairs (C, T ) and (T , F ) split. Note that it might happen that only one of these torsion pair splits (see [NS] ), withouth the TTF triple being split. By a result of Jans [J] , the bijection between TTF triples and idempotent ideals restricts to a second one between central idempotents of a ring R and splitting TTF triples in Mod-R. As a last result, we extend this correspondence to small preadditive categories: 
Rings with several objects and their modules
In this first section we recall some basic results and definitions about small preadditive categories (see Sec.1.1) and modules over them (Sec.1.2). In Sec.1.3, we obtain a characterization of when a category of modules over a small preadditive category A is locally coherent. In Sec.1.4, we recall the concept of ideal and quotient of a preadditive category and we conclude, in Sec.1.5, recalling the notion of centre of a preadditive category.
Preadditive categories
We denote by P.Add the (2-)category of preadditive categories, while we denote by Ring (resp., CRing) the full sub-category of P.Add of unitary associative (commutative) rings. For the rest of this subsection, A will denote a small preadditive category.
We define the additive closure A of A as follows:
-Ob(add(A)) := {(a 1 , . . . , a n ) : n ∈ N, a i ∈ Ob(A)}; -given n, m ∈ N and a = (a 1 , . . . , a n ),
-composition is given by the usual row-by-column multiplication of matrices.
It is the well-known that A is a small additive category, where the coproduct of two objects (a 1 , . . . , a n ) and (b 1 , . . . , b m ) is given by (a 1 , . . . , a n , b 1 , . . . , b m ). Furthermore, the inclusion ι : A → A such that a → (a) is universal in a suitable sense (in particular A ∼ = A if A was already additive):
Lemma 1.1. Let A be a small preadditive category and B an additive category (not necessarily small), then ι : A → A induces an equivalence of categories (here we are using the 2-categorical structure of P.Add)
Proof. Let f : A → B be an additive functor and define g : A → B as g(a 1 , . . . , a n ) := f (a 1 ) ⊔ · · · ⊔ f (a n ).
Then clearly g • ι = f . Consider now a second functor g ′ : A → B and let us verify that there is an isomorphism
where * denotes the composition of natural transformations. Indeed, consider α : g → g ′ : A → B. Any given a = (a 1 , . . . , a n ) ∈ Ob( A) is the coproduct in A of its "components", that is, (a 1 , . . . , a n ) = (a 1 ) ⊔ . . . ⊔ (a n ) so, by additivity,
. By the naturality of α it follows that this matrix is necessarily diagonal, that is α i,j a = 0 implies i = j. For this, given 1 ≤ i ≤ n, consider the inclusion (a i ) → (a 1 , . . . , a n ), then there is a commutative diagram
showing that α i,j a = 0 for all j = i. We can now verify that the map in (1.1) is an isomorphism. Indeed, let α : g → g ′ be such that α * ι = 0. For any a ∈ A, α a can be represented by a diagonal matrix and the diagonal entries of this matrix are trivial since α i,i a is conjugated to (α * ι) ai = 0. On the other hand, given β :
It is easy to see that α is a natural transformation and, clearly, we have α * ι = β.
By the above lemma, the 2-category of small additive categories is reflective in the 2-category of small preadditive categories, that is, there is a (2-)functorial way to make a small preadditive category into an additive category. A second application will be given in the next subsection: we will apply the lemma with B = Ab to show that A is Morita equivalent to A.
Modules
A right (resp., left) module M over a small preadditive category A is an (always additive) functor M : A op → Ab (resp., M : A → Ab). A morphism (a natural transformation) φ : M → N between right A-modules consists of a family of morphisms φ a : M (a) → N (a) (of Abelian groups), with a ranging in Ob (A) , such that the following squares commute for all (r : a → b) ∈ A:
We denote by Mod-A (resp., A-Mod) the category (A op , Ab) (resp., (A, Ab)) of right (resp., left) A-modules. Given two right (resp., left) A-modules M and N , we denote by Hom A (M, N ) their group of morphisms in Mod-A (resp., A-Mod). As a natural example of right module over A one can consider the representable modules
for any a ∈ Ob(A). The above lemma is well-known but nevertheless let us give a sketchy proof. The zero object 0 in Mod-A is the functor a → 0, for all a ∈ Ob(A). Given a morphism φ : M → N in Mod-A, the (co)kernel of φ is constructed sending a ∈ Ob(A) to the (co)kernel of φ a and sending (r : a → b) ∈ A to the universal map Ker(φ a ) → Ker(φ b ) (resp., Coker(φ a ) → Coker(φ b )). As a consequence, a sequence 0
→ 0 is a short exact sequence in Ab, for all a ∈ Ob(A). Furthermore, the canonical map ϕ : Coker(Ker(φ)) → Ker(Coker(φ)) is an isomorphism since, for any a ∈ Ob(A), the map ϕ a is an isomorphism in Ab, by the Abelianity of this last category. Arbitrary products and coproducts are induced componentwise by the products and coproducts in Ab. Hence, Mod-A is a bicomplete Abelian category with exact products, where limits and colimits are computed pointwise. In particular, direct limits are exact in Mod- A. To see that Mod-A is Grothendieck, it remains to describe a family of generators. The following proposition describes a family of finitely generated (=finitely presented) projective generators. The proof is omitted as it is an application of (the additive version of) the Yoneda Lemma and some standard computations. For a class S of objects in Mod-A we introduce the following notation: add(S) := {summands of finite coproducts of objects in S}.
Proposition 1.3. Let A be a small preadditive category and M a right Amodule. Then there is an isomorphism of Abelian groups Hom
, for all a ∈ Ob(A). As a consequence, the family
is a family of finitely generated projective generators of Mod-A. In particular, if we denote by proj(A) the class of finitely generated projective A-modules, then proj(A) := add(H a : a ∈ Ob(A)). As a consequence, proj(A) is equivalent to the idempotent completion A ⊕ of A.
As a second corollary of Lem. 1.1 we can give a precise relation between Mod-A and Mod-A: Corollary 1.4. Given a small preadditive category A, the restriction of scalars along the inclusion ι :
is an equivalence of categories.
Locally coherent categories of modules
Given a small preadditive category A, a right A-module M is said to be finitely presented if the functor Hom A (M, −) : Mod-A → Ab commutes with direct limits. As a consequence of Prop. 1.3, one can deduce (exactly as one does for categories of modules over a unitary ring) that the category Mod-A is locally finitely presented, that is, any right A-module can be written as a direct limit of finitely presented modules. In what follows we go one step further and characterize those categories A for which Mod-A is also locally coherent, that is, we give a necessary and sufficient condition for mod-A (the category of finitely presented modules) to be closed under taking kernels in Mod-A.
Recall that, given a preadditive category C and a morphism φ : X → Y in C, a morphism ψ : K → X in C is said to be a pseudo-kernel if, for any Z ∈ Ob(C), the following sequence of Abelian groups is exact:
Pseudo-cokernels are defined dually. Let us remark that any Abelian or triangulated category has pseudo-kernels and pseudo-cokernels. Pseudo-kernels have been introduced, under the name of "weak kernels", by Freyd [F] .
Corollary 1.5. Let A be a small preadditive category. The following assertions are equivalent:
is a locally coherent Grothendieck category;
(2) the subcategory proj-A of Mod-A has pseudo-kernels;
(3) the additive hull A has pseudo-kernels.
Proof.
(1)⇒(2). Let φ : P → Q be morphism in proj-A. Being Mod-A locally coherent, Ker(φ) ∈ mod-A. Consider an epimorphism π :
H ai → Ker(φ), with n ∈ N and a i ∈ Ob(A); it is not difficult to prove that the composition ψ :
(2)⇒(3). By Prop. 1.3 we can identify A with the full subcategory of proj(A) of the objects of the form n i=1 H ai , with n ∈ N and a i ∈ Ob(A). Consider then a morphism φ :
; it is not difficult to prove that the composition ψ :
(3)⇒(1) can be proved as in [F, Lem. 1.4 .5].
Ideals of preadditive categories
Let A be a small preadditive category, a (two-sided) ideal of A is a subfunctor
That is, given a, a 
It is easy to verify that (π I ) * is exact and that it commutes with co/products so, by the Special Adjoint Functor Theorem (see, for example, [B, Thm. 3.3.4] ), it has a left and a right adjoint, denoted respectively by (π I ) * and (π I ) ! . As for the case when A is a ring (i.e., a preadditive category with just one object), one can give a very explicit description of the functor (π I ) * . Indeed, given M ∈ Mod-A, we define a subfunctor M I :
Lemma 1.6. Let A be a small preadditive category and let I be an ideal. The class of right A-modules M such that M I = 0 coincides with
that is, with those objects that can be written as a quotient of a coproduct of modules, each isomorphic to some of the H a /I(−, a)'s.
Proof. Let us start by noticing that (H a /I(−, a)) I = 0 for all a ∈ Ob(A), so that, if M ∈ Gen{H a /I(−, a) : a ∈ Ob(A)}, then M I = 0. On the other hand, suppose M I = 0 and consider an epimorphism
is the obvious projection. Then the epimorphism
Notice that the full subcategory Gen{H a /I(−, a) : a ∈ Ob(A)} of Mod-A is equivalent to Mod-A/I.
Given two ideals I and J of A, we define a new ideal I · J as follows:
An ideal I is said to be idempotent if I · I = I. 
That is, with those objects that can be written as a quotient of a coproduct of modules, each isomorphic to some of the I(−, a)'s.
and this last module clearly belongs to Gen{I(−, a) : a ∈ Ob(A)}.
The center of a preadditive category
Recall the following definition from [Ga] : the center Z(A) of a preadditive category A is the ring of self-natural transformations of the identity functor id A , that is,
where the above formula just means that, in the 2-category P.Add, we consider the category of endomorphisms P.Add(A, A) and, in that category, we take the endomorphism ring of the object id A .
It is an exercise on the definitions to verify that, given a unitary ring R, the commutative ring Z(R) is isomorphic to the subring {r ∈ R : rs = sr, ∀s ∈ R}, which is usually called the center of R. On the other hand, given a small preadditive category A, we can consider both Z(A) and Z(Mod-A). In the following proposition we show that both choices give the same ring:
Proof. Consider the following maps:
, for all a ∈ Ob(A). On the other hand, given β : id Mod-A → id Mod-A and a ∈ A, we let Ψ(β) a : a → a be the unique morphism such that A(−, Ψ(β) a ) = β Ha : H a → H a . It is now an easy exercise to verify that Φ and Ψ are each other inverse.
As a consequence of the above proposition, one obtains that
, where A ⊕ is the idempotent completion of A. To see this, one can use that A, A and A ⊕ are Morita equivalent categories, in the sense that the categories of modules over them are equivalent (for this, see [A, Sec. 2] ). More generally, this result shows that the center of a small preadditive category is invariant under Morita equivalence.
Direct summand decompositions and central idempotents
An ideal I of a small preadditive category A is said to be a direct summand of A when there is another ideal I ′ of A such that, as bi-functors A op ×A → Ab, we have a decomposition A(−, −) ∼ = I(−, −) ⊕ I ′ (−, −). When there is no risk of confusion, we just write A = I ⊕ I ′ and we call this a decomposition of A as a direct sum of ideals. (4) If we put N := M I ∩ M I ′ , then N I = 0 = N I ′ using assertion (2). On the other hand, viewing A as an ideas of itself in the obvious way, we have that
As in the case of unital rings, we have the following result.
Proposition 1.10. Let A be a small preadditive category and let
The assignment ǫ → I ǫ , where I ǫ is the ideal of A defined as
for all a, b ∈ Ob(A), defines a bijection Φ :
Proof. Let u ∈ I ǫ (a, b) and let us consider morphisms r : a ′ → a and l : b → b ′ in A. Then, using that ǫ : id A → id A is a natural transformation and that ǫ b • u = u, we get the following equalities
, so that I ǫ is an ideal of A. Note that we have not used yet the idempotency of ǫ. That is, for each ǫ ∈ Z(A), we have a well-defined ideal I ǫ of A.
We now consider, for all a, b ∈ Ob(A), the subgroup I To check the injectivity of Φ, consider two idempotents ǫ, ǫ ′ ∈ Z(A) and suppose that I ǫ = I ǫ ′ , i.e. Φ(ǫ) = Φ(ǫ ′ ). We then have that ǫ a , ǫ ′ a ∈ I ǫ (a, a) = I ǫ ′ (a, a), for all a ∈ Ob(A). In particular, ǫ ′ a • ǫ a = ǫ a and, using the naturality of ǫ, we also have that ǫ
, for all a ∈ Ob(A), which implies that ǫ = ǫ ′ . For the surjectivity of Φ, let us take a direct summand I of A and fix a decomposition A = I ⊕ I ′ , which is unique according to Lemma 1.9. We then have a decomposition A(a, a) = I(a, a) ⊕ I ′ (a, a) in Ab, for all a ∈ Ob(A). This gives a decomposition 1 a = ǫ a + ǫ ′ a , with ǫ a ∈ I(a, a) and ǫ ′ a ∈ I ′ (a, a), for all a ∈ Ob(A). Note that, for each u ∈ I(a, b),
where the second summand belongs in (I ′ · I)(a, b) = 0. Then u = ǫ b • u. It remains to check that the collection ǫ := (ǫ a : a → a) defines a natural transformation ǫ : id A → id A , which will be clearly idempotent and will satisfy that Φ(ǫ) = I. Indeed let u : a → b be a morphism in A. Bearing in mind that I and I ′ are ideals, the decompositions u = u • ǫ a + u • ǫ On the other hand, we also have that M = M I ǫ if, and only if, the induced map ǫ M,a = M (a) → M (a) is an epimorphism, for all a ∈ Ob(A). But this latter map is an idempotent endomorphism of M (a). Then it is an epimorphism if and only if it is an isomorphism. Hence assertion (1) also follows easily. 
Hereditary torsion vs Grothendieck topologies
We fix the following setting all throughout this section:
Setting. A denotes a fixed (but arbitrary) small preadditive category.
The section is organized as follows: we start recalling some basic facts and definitions about torsion pairs in Sec.2.1; we prove our generalization of Gabriel's bijection in Sec.2.2, specializing this result to hereditary torsion pairs of finite type in Sec.2.3. We extend Jan's correspondence in Sec.2.4 and, in Sec.2.5, we specialize this correspondence to splitting TTF triples.
Torsion pairs
Recall the concept of a torsion pair from the Introduction, that we only consider in the category Mod-A in the rest of the paper. If X is an A-module and we consider the torsion sequence
then T X and F X depend functorially on X, and the corresponding functors t : Mod-A → T and (1 : t) : Mod-A → F are called, respectively, the torsion radical and the torsion coradical functors. In fact, t is the right adjoint of the inclusion T → Mod-A, while (1 : t) is the left adjoint to the inclusion F → Mod-A. We can visualize this situation as in the following diagram:
The following lemma is well-known (see, for example, [S] ):
Lemma 2.1. A class T ⊆ Mod-A is a torsion class (resp., a torsionfree class) if and only if it is closed under taking quotients, extensions and coproducts (resp., subobjects, extensions and products).
Lemma 2.2. Let t = (T , F ) be a torsion pair in Mod-A. There is an ideal t(A) of A defined as t(A)(a, b)
, and let us verify that f • r ∈ t(A)(a ′ , b) and that l • f ∈ t(A)(a, b ′ ). Indeed, since the torsion radical t is an additive subfunctor of id Mod-A , then
On the other hand, the fact that f ∈ t (A)(a, b) , means exctly that the image of the map A(−, f ) : H a → H b is torsion, thus we can corestric to obtain a map A(−, f ) :
A torsion pair t = (T , F ) is said to be hereditary provided T is closed under taking subobjects. Furthermore, a hereditary torsion class T is said to be a TTF class (torsion and torsionfree class), provided it is closed under taking products. By Lem. 2.1, both (T , T ⊥ =: F ) and (C := ⊥ T , T ) are torsion pairs, we denote by t : Mod-A → T and by c : Mod-A → C the corresponding torsion radicals; the triples of the form (C, T , F ) are called TTF triples. In this situation, we obtain a diagram as follows:
Let us conclude this subsection explaining an alternative way to think about TTF triples, that is, these triples are in bijection with (equivalence classes) of the so-called Abelian recollements of Mod-A, see [PV, Thm.4.3] . In fact, given a TTF triple (C, T , F ), one can consider the Gabriel quotient q : Mod-A → (Mod-A)/T that, by [BR, Prop. I.1.3] , is equivalent to the full subcategory C ∩F of Mod-A. Furthermore, the class T is both localizing and colocalizing, meaning that the quotient functor Mod-A → (Mod-A)/T has both adjoints, thus the recollement induced by our TTF can be visualized by the following diagram
Gabriel's bijection
The following definition appears in [RG] and earlier, under the name of "linear topology", in [Lo] .
Definition 2.3. A (linear) Grothendieck topology on A is a family G = {G a : a ∈ Ob(A)}, where G a is a set of submodules of the representable Amodule A(−, a), for each a ∈ Ob(A), satisfying:
(Id) the Identity axiom, H a ∈ G a , for each a ∈ Ob(A);
(Pb) the Pullback axiom, for R ∈ G a and r : a ′ → a in A, consider the following pullback square:
(Glue) the Glueing axiom, given R ≤ H a , suppose that there exists S ∈ G a such that, for any a ′ ∈ Ob(A) and any r ∈ S(a ′ ) ≤ A(a ′ , a), one has that
Let us remark that, if a ring R is viewed as a preadditive category with one object, then "Grothendieck topology" and "Gabriel topology" on R are synonymous. The following result is part of [Lo] and [RG, Prop. 1.8] .
Lemma 2.4. Let G = {G a : a ∈ Ob(A)} be a Grothendieck topology on A.
The following assertions hold true, for each a ∈ Ob(A):
We are now going to prove that Grothendieck topologies on A are in bijection with hereditary torsion pairs in Mod-A (see Thm. 2.7). In the following lemma we show how a Grothendieck topology induces a hereditary torsion class, while the opposite direction is illustrated in Lem. 2.6. Lemma 2.5. Let G = {G a : a ∈ Ob(A)} be a Grothendieck topology on A and define
Then the following statements hold true:
(1) Given T ∈ T G , there is an epimorphism p : i∈I (H ai /R i ) ։ T , where R i ∈ G ai , for each i ∈ I. Furthermore, given ϕ : H a → T , one can use the fact that H a is finitely generated and projective to show that there is a morphismφ : H a → i∈F (H ai /R i ) for a finite subset F ⊆ I, such that ϕ = p • ι F •φ, where ι F : i∈F (H ai /R i ) → i∈I (H ai /R i ) is the inclusion. Clearly,φ is described by a vectorφ = (φ i ) i∈F withφ j : H a → (H ai /R j ), for all j ∈ F and, using again the projectivity of H a and the Yoneda Lemma, each of the morphismsφ j factors in the formφ j = p j • A(−, r j ), where p j : H aj → H aj /R j is the projection and r j : a → a j is a suitable morphism in A. To conclude, notice that Ker(φ) = i∈F Ker(φ i ) so, by Lem. 2.4, it is enough to verify that Ker(φ j ) ∈ G aj , for all j ∈ I. But, with the notation of Def. 2.3, Ker(φ j ) = r −1 j R j , and so Ker(φ j ) ∈ G a by the axiom (Pb). On the other hand, given T ∈ Mod-A such that Ker(ϕ) ∈ G a for every morphism ϕ : H a → T , consider an epimorphism q : i∈I H ai ։ T and take the compositions q • ι j : H aj →T , where ι j : H aj → i∈I H ai is the inclusion, so that R j := Ker(q •ι j ) ∈ G aj , for all j ∈ I. We then get an induced epimorphism
(2) follows by part (1) and [Lo] .
Lemma 2.6. Let T be a hereditary torsion class in Mod-A and define
Then, G T is a Grothendieck topology on A.
Proof. It is immediate to check that G satisfies axioms (Id) and (Pb) of Def. 2.3, so we only need to check axiom (Glue). Consider a submodule R ≤ H a and suppose that there exists S ∈ G T a such that, for any a ′ ∈ Ob(A) and r ∈ S(a
Consider the following short exact sequence:
Then H a /(S + R) ∈ T since it is a quotient of H a /S. Hence, it is enough to verify that S/(S ∩ R) ∈ T . Indeed, fix an epimorphism q : i∈I H ai ։ S and, for each j ∈ I, consider the following composition of q with the obvious inclusions:
By hypothesis, ϕ
Furthermore, there is clearly an epimorphism i∈I (H ai /ϕ
Theorem 2.7. Let A be a small preadditive category. Then there is a one-toone correspondence
where T G and G T are defined as in Lem. 2.5 and 2.6, respectively. Proof. The maps Φ and Ψ are well-defined by Lem. 2.5 and 2.6; let us verify that they are inverse bijections. Consider first T ∈ S 2 and let us verify that
On the other hand, given T ∈ T , consider an epimorphism i∈I H ai ։ T , that induces an epimorphism i∈I (H ai /R i ) ։ T , where each H aj /R j is a subobject of T , so it belongs to T , that is, R j ∈ G T aj . This shows that T ∈ Φ • Ψ(T ). On the other hand, given G ∈ S 1 , let us show that
G , we known by Lem. 2.5 that the kernel of any morphism of the form H b → H a /S, for some b ∈ Ob(A), is in G b . In particular, the kernel of the obvious projection H a → H a /S, which is exactly S, does belong in G a , so that G
Hereditary torsion classes of finite type
Recall that a torsion pair (T , F ) in Mod-A is said to be of finite type provided • B a ⊆ G a , for all a ∈ Ob(A);
• for each R ∈ G a there exists S ∈ B a such that S ≤ R.
We shall say that B is a basis of finitely generated right ideals of G, when all the right A-modules R ∈ B a are finitely generated, for all a ∈ Ob(A). As for modules over associative unital rings, we have: 
Proof. If G
T has a basis of finitely generated ideals, then let S := {H a /R : a ∈ Ob(A), R ∈ G a ∩ fg(Mod-A)} and notice that F = S ⊥ , so that t is of finite type. Conversely, let t be of finite type and, for each a ∈ Ob(A), define
be arbitrary. The proof of Lem. 2.8, with X = H a and T = H a /R, gives a finitely generated subobject R k ⊆ R such that H a /R k ∈ T . This just says that R k ∈ B a , so that B := {B a : a ∈ Ob(A)} is a basis of G T of finitely generated right ideals.
Jan's Theorem
Analogously to what happens in categories of modules over associative unital rings, TTF triples in Mod-A are in bijection with idempotent ideals of A (see Thm. 2.12 below). In the following lemma we show how any TTF triple determines an idempotent ideal of A, while the opposite direction is illustrated in Lem. 2.11. 
Proof. It is clear that I T is a two-sided ideal. For a module M ∈ Mod-A, let
we claim that I T (−, a) = Rej T (H a ), for all a ∈ Ob(A). Indeed, by the Yoneda Lemma, Hom A (H a , T ) ∼ = T (a) and, identifying each µ : H a → T with the corresponding element of T (a), we readily see that Rej T (H a )(b) = {α ∈ A(b, a) :
Being T closed under products and submodules, M/Rej T (M ) ∈ T , for all M ∈ Mod-A. In particular, H a /I T (−, a) ∈ T , for all a ∈ Ob (A) . Let now M ∈ As a byproduct of the above proofs we obtain the following: given a TTF triple (C, T , F ), there is a uniquely associated ideal I T such that T = Gen{H a /I T (−, a) : a ∈ Ob(A)} ∼ = Mod-A/I T and C = Gen{I T (−, a) : a ∈ Ob(A)}.
Centrally splitting TTF's
In the following proposition we show that the TTF triples that arise from a central idempotent are exactly the split ones. This proves Corollary C in the Introduction. For a more general version of the following result, in the setting of idempotent complete additive categories, we refer to [N, Prop. 1.7.4] . We include here a complete proof, in our particular setting, since it easily follows as a consequence of the results of the previous subsections. (2)⇒(1). It is a consequence of Thm. 2.12, Prop. 1.10 and Lem. 1.9. For the last statement apply Coro. 1.11 and Rem. 1.12.
